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IPyC  Inner Pyrolytic Carbon 

LANL   Los Alamos National Laboratory  

LLNL   Lawrence Livermore National Laboratory 

MA   Minor Actinide 

MHR   Modular Helium Reactor (GA project) 
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TD  Theoretical density 

TRISO  Tri-structural isotropic 

TRU   Transuranic 

UCB   University of California, Berkeley 

 

Symbols 
e  strain [ɛm/ɛm] 

t   neutron fluence [10
25

 n/m
25

 ,(E > 0.1 MeV)]  

E   modulus of elasticity of a coating layer [MPa] 

c   irradiation creep coefficient for a PyC layer [MPa n/m
2
, (E > 0.1 MeV)]  

s  stress [MPa] 

m  Poissonôs ratio of a coating layer 

n  Poissonôs ratio in creep for a PyC layer 

S#  dimensional change rate [(n/m
2
)
-1
] 

S#  average dimensional change rate over a time increment [(n/m
2
)
-1

] 

u   radial displacement [ɛm] 
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r   radial coordinate [ɛm] 

p   radial stress/pressure acting on the inner surface of a coating layer [MPa] 

q   radial stress/pressure acting on the outer surface of a coating layer [MPa] 

a  thermal expansion coefficient of a coating layer [K
-1

] 

a  average thermal expansion coefficient of a coating layer over a time  

increment [K
-1

] 

T#  rate of temperature change [K (10
25

 n/m
2
)
-1
] 

 

Subscripts 
a,b  Inner or outer (radius) 

buff  Buffer layer 

center  Center of the fuel kernel and TRISO particle 

I  IPyC layer 

kern  Kernel 

O  OPyC layer 

r  Radial direction 

S  SiC layer 

SiC  SiC layer 

t  Tangential direction 

TD  Theoretical density 
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1 An Introduction to Current Reactor Design Trends 

While research and development work continues to improve the operational 

efficiency and lifetime of existing light water reactors (LWRs), there is increasing 

interest in pushing nuclear fission reactors into new operational regimes.  Two important 

trends in current reactor design efforts are ñhigh temperatureò reactors and ñhigh burnupò 

reactors. 

1.1 High Temperature Reactors 

ñHigh temperatureò reactors, such as the Pebble Bed Modular Reactor (PBMR) or 

the Next Generation Nuclear Plant (NGNP) scheduled to be built at INL in the early 

2020s, continue to be a focus of research throughout the world.  While different countries 

and organizations offer different definitions when quantifying what ñhigh temperatureò 

means, a realistic and illustrative example for these purposes might be a reactor with 

coolant outlet temperatures in the range of 850°C to 1000°C.  Increasing the coolant 

outlet temperature of a reactor provides more efficient electricity production due to the 

heavy dependence of thermal conversion efficiency upon the hot and cold coolant 

temperatures.  Additional benefits include using high coolant outlet temperatures for 

hydrogen production, process heat for chemical plants or other industries, or cogeneration 

projects which serve industrial applications and generate electricity. 

Most high temperature reactor concepts use one of two fuel forms: prismatic fuel 

elements or fuel pebbles.  Prismatic fuel elements are hexagonally-shaped graphite blocks 

with cylindrical fuel ñcompactsò inserted into them, with the compacts consisting of fuel 

and graphite matrix.  Fuel pebbles are similar to compacts, in that theyôre made of fuel 

particles distributed in a graphite matrix, but theyôre shaped into a sphere.  Both fuel 



2 

forms generally use TRISO fuel particles, described in detail in Section 2 below, as their 

fuel-containing constituent.  Typically, high temperature reactor concepts use gas (e.g., 

helium) or molten salt (e.g., FLiNaK) coolants. 

1.2 High Burnup Reactors 

Recent studies of ñhigh burnupò reactors in the U.S. and elsewhere seek to fission 

larger fractions of nuclear fuel than in existing reactors.  Target burnup levels, defined in 

units of fissions per initial heavy metal atom (FIMA), range from 50% to 99.9%.  The 

motivation for high burnup involves multiple objectives, including significantly reducing 

the overall spent fuel volume and long-lived radioactive isotope inventories that require 

eventual disposal in a geologic repository (such as Yucca Mountain), extracting more 

energy per unit mass of uranium ore mined, disposition of excess plutonium (Pu) and 

highly-enriched uranium (HEU) from weapons programs, and developing ñnuclear 

batteryò reactors for grid-appropriate or remote-operation applications. 

Numerous approaches to high burnup reactors are being pursued.  The PUMA 

project in the European Union seeks to deploy ñtransmuter reactorsò to manage 

plutonium and minor actinide (MA) inventories [1].  Argonne National Laboratories 

(ANL), among other U.S. organizations, has been working on the Actinide Burner 

Reactor (ABR) project with goals similar to the PUMA project.  The Laser Inertial 

Fusion-Fission Energy (LIFE) project at LLNL envisions a fission-fusion hybrid reactor 

fulfilling multiple missions [2, 3, 4].  Efforts in France toward high burnup reactor 

designs exist, as well.  Many high burnup reactor designs use TRISO fuel particles, 

though some are investigating metal fuel elements or molten salt fuels. 
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1.3 Deep Burn Project 

Of particular note is the U.S. high burnup reactor project called Deep Burn (DB), 

which involves numerous collaborators focused on using a variant of the Modular Helium 

Reactor (MHR) designed by General Atomic (GA) to achieve roughly 60% FIMA [5].  

Deep Burn aims to achieve this in a single-pass configuration, meaning there is no 

reprocessing of the fuel.  The project objectives are very aggressive: to complete 

neutronics and thermal-hydraulics (T/H) analyses along with accompanying safety 

analyses; to create a first-principles DB-TRISO fuel performance model with predictive 

capabilities; to develop and understand fuel cycle and waste management aspects of Deep 

Burn; to perform a cost analysis of the Deep Burn reactor; and to establish a reference 

fuel design and manufacture representative fuel particles for irradiation testing by the end 

of 2011 [7].  An irradiation campaign gathering data on reference DB-TRISO fuel 

design(s) should begin in 2012 [7]. 

The DB-MHR concept currently assumes the use of TRISO fuel particles, with 

(Pu,Np,Am)O1.7 transuranic oxide fuel kernels in prismatic fuel elements.  Detailed 

descriptions and dimensions of the overall reactor and fuel elements can be found in 

literature documenting the reference case for the DB-MHR [6].    
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2 A Review of TRISO Fuel Particles 

TRISO fuel particles were originally developed and used in Germany in the AVR 

reactor, a 40 MWth prototype pebble bed reactor, as well as in the 300 MWe Thorium 

High Temperature Reactor (THTR-300); both of these reactors were high-temperature 

gas-cooled reactors (HTGRs).  China currently uses TRISO fuel in its 10 MWth prototype 

pebble bed High Temperature Reactor (HTR-10), and Japan uses TRISO fuel in its 30 

MW th prismatic core High Temperature Test Reactor (HTTR).  Experimental TRISO fuel 

programs also exist in the United States, France, and the United Kingdom. 

2.1 Particle Description 

Typical TRISO fuel particles consist of five distinct regions.  At the center of the 

particle is the fuel kernel, typically an oxide, carbide or oxycarbide, which contains the 

nuclear fuel: uranium, plutonium, thorium, or TRU.  A porous carbon buffer surrounds 

the kernel to accommodate internal gas buildup and particle dimensional changes.  

Outside of the buffer are an inner pyrolytic carbon (IPyC) layer, a silicon carbide (SiC) 

layer, and an outer pyrolytic carbon (OPyC) layer.  The PyC layers are relatively dense 

pyroytic carbon, typically at about 90% of their theoretical density (TD) of 2.2 g/cc.   The 

SiC layer acts as the main pressure vessel for the particle, withstanding the stresses from 

both internal gas pressure buildup and other sources, and also acts as a diffusion barrier to 

gaseous and metal fission products (FPs).  The PyC layers protect the SiC layer from 

chemical attack during TRISO particle operation and act as a diffusion boundary to FPs. 

Furthermore, the IPyC protects the fuel kernel from corrosive gases often used to deposit 

the SiC layer [8]. 
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Table 1 provides typical dimensions and densities for a UO2 TRISO particle, 

based upon a German 500ɛm kernel [8].  The actual dimensions and densities vary 

according to design purposes and manufacturing processes.  Recent studies have shown 

that variations in manufacturing methods and processes can yield drastic differences in 

the quality and capabilities of the TRISO particles produced [9]. 

Table 1.  Nominal parameters for a German UO2 TRISO Particle [8] 

Actual Theoretical

Kernel 10.96 -- 250

Buffer 1.1 2.2 345

IPyC 1.7 2.2 385

SiC 3.2 3.2 420

OPyC 1.7 2.2 460

Layer
Density [g/cc] Outer

Radius [ɛm]

 

Note that while the TD of the kernel is not listed for this case, TRISO fuel kernels 

generally undergo sintering controlled to yield nearly full density (about 97% TD) fuel.   

Figure 1 provides a simple illustration of a TRISO particle.  Figure 2 shows a 

micrograph of an actual TRISO particle.    

 

 

Figure 1.  Illustrative cutaway drawing of a TRISO fuel particle, as reproduced from Ref. [10]. 
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Figure 2.  Micrograph of an actual TRISO fuel particle, as reproduced from Ref. [11]. 

 
The porous nature of the buffer shows up faintly in Figure 2, and some cracking in the 

coating layers is visible as well. 

TRISO fuel offers better fission product retention at higher temperatures and 

burnups than compared to metallic fuel forms and thus was selected by the Deep Burn 

project.  Table 2 summarizes the important fuel compact and particle parameters for Deep 

Burn and Table 3 specifies the isotopic breakdown of the TRU fuel. 

Table 2.  Reference Deep Burn particle and compact parameters, as reproduced from Ref. [6]. 
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Table 3.  Assumed Deep Burn TRU fuel composition, obtained from Ref. [6]. 

Isotope wt%

Np-237 6.8

Pu-238 2.9

Pu-239 49.5

Pu-240 23

Pu-241 8.8

Pu-242 4.9

Am-241 2.8

Am-242m 0.02

Am-243 1.4  

This TRU fuel composition, used as the input for Deep Burn depletion analyses, was 

based upon commercial LWR fuel discharged at a burnup of 50 GWd/tU and then cooled 

in a spent fuel pool for 5 years before being reprocessed [6]. 

2.2 Fuel Behavior 

A multitude of behaviors observed in TRISO fuel particles undergoing irradiation 

and fission have been identified as important to understand and model. 

Heat transfer directly impacts any nuclear fuel due to the importance of 

conducting the heat generated by fission events out to the working coolant in the system.  

Inside a TRISO particle, there is volumetric heat generation and conduction within the 

fuel kernel and then heat conduction outward through the buffer and each coating layer. 

The simultaneous production, destruction (through radioactive decay or nuclear 

reactions with neutrons or gamma rays), and transport of fission products (FPs) 

represents another key behavior in TRISO fuel.  Gaseous FPs, largely Xe and Kr, build 

up in the kernel and buffer of the particle and exert an outward pressure on the PyC and 

SiC coatings.  Some solid FPs migrate out of the kernel and potentially through the other 

layers and escape into the matrix and coolant; this provides a radiological source term for 

dose calculations in safety analyses.  Both gaseous and solid FPs escape failed particles 
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and contribute to radiological source terms.  Therefore, knowing the quantity and location 

of isotopic fission product inventories is essential. 

The release of oxygen atoms from the fuel kernel to the buffer region can occur 

due to both thermal solubility and fission events consuming the heavy metal atoms in an 

oxide or oxycarbide fuel kernel.  This oxygen release can be calculated directly by a 

thermochemical model as a function of temperature, oxygen-to-metal atom ratios, and 

valence states of metals in the kernel; alternatively, correlations for oxygen release 

provide estimates based upon parameters such as temperature and burnup.  Most of the 

oxygen released from the kernel to the buffer forms CO and CO2 gas via the reactions  

 CO 2CO2 =+  (1) 

and 

 C  CO2CO 2 +=  (2) 

 

with CO formation being dominant at temperatures around 1000°C that are of interest for 

Deep Burn.  The partial pressures or CO, CO2, and O2 are thermodynamically controlled 

and also impacted by the composition of the fuel.   

Gaseous FPs, CO gas, and CO2 gas accumulate in the void volume within the 

porous carbon layer, or at the interface between the buffer layer and IPyC layer, and exert 

an outward pressure on the coating layers.  This internal gas pressure builds up over time 

and has traditionally been the dominant behavior suspected of causing TRISO fuel 

particle failures, as will be discussed later in more detail.   

Pyrolytic carbon swells and shrinks when irradiated with fast neutrons (defined in 

this report as neutrons with energies above 0.1 MeV).  A 1993 Combustion Engineering-

General Atomics (CEGA)  report [12], which is a seminal paper referenced by nearly all 

subsequent TRISO work for its data on PyC and SiC behaviors and properties, defined 
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this as Irradiation-Induced Dimensional Change (IIDC) and provided a reasonable 

description of the process.  More detailed descriptions of the process exist in Reference 

13 and Chapter 14 of Reference 14.  SiC undergoes a similar irradiation-induced 

volumetric change, though most of the time this is ignored because it is negligible 

compared to other behavior in PyC and SiC [8]. 

Stresses and strains in the coating layers result from the phenomena described 

above as well as contributions from irradiation creep in all PyC layers (including the 

buffer) and the differential thermal expansion of each region.  Displacements of the layer 

interfaces occur due to these strains and solid fission product swelling in the fuel kernel.  

These stress-strain-displacement relationships must be well-understood for reliable 

TRISO fuel design and performance since they directly impact the maximum stress 

predicted in the SiC pressure boundary.  A viscoelastic model is used for the IPyC-SiC-

OPyC system, with the SiC layer often treated as an isotropic elastic material.  This is 

reasonable since SiC is a ceramic and thus undergoes very little (if any) plastic 

deformation before failure under stress/strain environments. 

The material properties (e.g., thermal conductivity and Youngôs modulus) of each 

layer vary during operation.  The properties should vary with temperature, accumulated 

fast fluence, fuel burnup level, and/or porosity of the layer.  While completely accurate 

materials property calculations would incorporate all of these parameters and yield 

answers that fully account for their precise effects, the material property correlations 

currently available fall significantly short of this.  The best known correlations should be 

used for each property in fuel models, with flexibility designed into the computer codes 

to allow revisions to the materials properties as new knowledge comes to light. 
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Lastly, the dimensions and densities of each layer of a TRISO particle vary from 

particle to particle resulting from the variability in real manufacturing processes.  The 

expected manufacturing tolerances for a TRISO particle of a particular design using 

specific manufacturing methods and processes can be identified and accounted for in fuel 

models.  The calculated failure fraction of a set of ñrealò particles based upon nominal 

parameters and their manufacturing tolerances determines the predicted performance of 

the fuel; if it is too high then the fuel design or reactor design must be changed or, 

alternatively, the manufacturing tolerances can be tightened.  

2.3 Failure Mechanisms 

Fuel performance modeling for any fuel form directly depends upon identifying 

the possible failure modes for the fuel and which modes are limiting.  Once the limiting 

failure modes are known, computational models can be constructed to assess how the fuel 

behaves relative to these criteria: if one fuel is limited by creep rupture then creep rate 

calculations inform the user how the fuel is performing, whereas a second fuel might be 

limited by through-clad cracking due to stresses and thus require detailed stress 

calculations for the expected fuel lifetime to understand its performance. 

TRISO fuel particles have been experimentally observed to possess multiple 

possible failure modes which are categorized as being driven by either 1-dimensional 

(1D) or 3-dimensional (3D) effects. 

The dominant 1D failure mechanism for TRISO fuel particles involves pressure 

vessel failure, where the SiC layer develops a through-thickness crack resulting from a 

tensile stress that exceeds the yield strength of the material.  The yield stress for SiC 

varies significantly in the literature but is on the order of 350-400 MPa.  The classic 
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definition for this pressure vessel failure assumes that the SiC fails catastrophically once 

a crack initiates and that there is enough energy in the system released upon SiC cracking 

that the PyC layers crack in the same location. More modern approaches to a pressure 

vessel failure explicitly calculate separate stresses and through-layer crack probabilities 

for the SiC layer and each PyC layer; models using this approach require that all three 

layers must fail for the particle to be considered ñfailedò.  It is worth noting, however, 

that for most situations the PyC layers will in fact crack if the SiC does.  The tangential 

stress at the IPyC/SiC interface usually represents the limiting stress in the SiC layer.  

The actual stress applied to the SiC depends upon multiple phenomena, as shown in 

Figure 3.    

 
Figure 3.  Illustration of the different fuel behaviors driving SiC stress, as reproduced from Ref. [8]. 

 
Both PyC layers start out undergoing irradiation-induced shrinkage radially; during this 

phase, the outward stress due to gas pressure and irradiation creep of PyC is counteracted 

by an inward stress of PyC shrinkage.  After an initial densification stage, PyC begins 

exhibiting irradiation-induced swelling.  This then leads to a situation where internal gas 
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pressure, PyC IIDC, and PyC irradiation creep all act outward on the coating layers.  

Thus, the tangential stress in the SiC layer shows a beginning of life (BOL)  stress level 

determined by manufacturing and system stresses (usually about 0 MPa), then decreases 

to a maximum compressive stress (nominally on the order of -100 MPa at a fast fluence 

of roughly 0.5x10
25

 [n-m
-2

]), and then increases until end of life (EOL).  Usually the 

stress becomes tensile (positive) before EOL. 

3D failure modes observed in TRISO fuel particles include IPyC shrinkage 

cracks, IPyC/SiC debonding, particle asphericity, kernel migration (the so-called 

ñamoeba effectò), and SiC coating thinning.  A brief description of each mechanism is 

given below, while References 8 and 15 contain more detailed descriptions. 

Irradiation-induced shrinkage of the IPyC can cause a partial or through-coating 

crack to form in the IPyC.  A cracked IPyC creates an increased localized stress state in 

the SiC adjacent to the crack, and thus may lead to particle failure [11]. 

Partial or full debonding of the IPyC and SiC layers at their interface can occur 

due to IPyC shrinkage as well if a stress exceeds the IPyC/SiC interfacial bond strength.  

This debonding, described in detail in Reference 16, can cause stress amplification in the 

SiC layer and degrade heat transfer. 

Particle asphericity, detailed and analyzed in References 8 and 16, refers to a 

TRISO particleôs geometric deviation from a perfect sphere.  Previous TRISO 

manufacturing efforts yielded batches where some particles had flattened sides.  The 

stress distribution in such a particle deviates significantly from the stress distribution 

expected in a spherical particle. 
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Kernel migration, also referred to as the ñamoeba effectò [9], describes a situation 

where the center of mass of the fuel kernel slowly moves away from the center of the 

TRISO particle.  Experimental investigations of this phenomenon have shown it results 

from CO gas migration down the thermal gradient in a TRISO toward the cold side of the 

particle.  If the temperature and gas concentration conditions are right, two CO gas 

molecules will interact to form a CO2 gas molecule and leave behind a solid-phase carbon 

atom through the reaction in Equation (2).  Over time, solid carbon builds up on the cold 

side of the buffer and ñpushesò the kernel to migrate toward the hot side of the TRISO 

particle, as shown in Figure 4. 

 
Figure 4.  Micrograph showing kernel migration in a TRISO particle, as reproduced from Ref. [15]. 

 
This migration drastically changes the temperature and stress distributions and may lead 

to particle failure. 

Lastly, experimental observations indicate that chemical attack of the SiC by 

species such as palladium (Pd) can thin the coating.  Erosion rates are low but can be 

appreciable for high stress environments or long irradiation times.  In addition, erosion 

does not necessarily stop when irradiation ceases; if the TRISO particle remains at 
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temperatures that enable diffusion of harmful species, SiC thinning continues.  

References 17 and 9 provide further details on SiC thinning due to chemical attack. 

It should be noted that while the above failure mechanisms represent the dominant 

known failure modes for TRISO fuel particles, additional failure mechanisms likely exist. 
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3 State of the Art in TRISO Fuel Performance Models 

Numerous TRISO fuel performance models (FPMs) have been created over the 

years; different organizations and projects generally each created their own model 

because other models were not available and developers desire the ability to both 

customize the code to their needs and address whatever gains in knowledge have 

occurred since the other codes were written.  Most TRISO FPMs were written for 

projects with thorium or uranium oxide fuel kernels.  Furthermore, most of these fuel 

kernels were stoichiometric (e.g., UO2) rather than hypostoichiometric (e.g., UO1.7). 

The existing FPMs can be categorized in various ways.  One method divides them 

into models that use closed-form analytical solutions for the stress-strain-displacement 

relationships and those that use numerical approaches, such as finite element analysis or 

methods (FEA or FEM).  The various techniques used for heat transfer solutions and gas 

generation and pressure calculations can greatly affect the predicted results, but such 

differences generally do not represent as fundamental a difference in solution technique 

and code capabilities as occurs by choosing closed-form or numerical methods for 

solving the stress-strain-displacement equations. 

3.1 Closed-form Solutions 

The dominant approach to solving for the stresses, strains, and displacements 

necessary in a TRISO FPM to predict fuel performance has been a closed-form analytical 

solution developed at INL [8,19].  This approach simplifies the problem to a 1D 

symmetric sphere and then solves the system of equations from the center of the fuel 

kernel out to the OPyC/matrix interface boundary.  This is a simplification of a true 

TRISO particle in that it ignores asphericity, temperature gradients across a TRISO, and 
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other factors; however, it leads to a very fast solution that enables the model to calculate 

failure fractions for large sets of possible TRISO particles within reasonable time frames.  

Greg Miller at INL laid the groundwork for such a closed-form solution [18], which was 

then utilized by many organizations and projects throughout the world.  Subsequent 

research identified that assuming a constant Poissonôs ratio for PyC irradiation of 0.5 was 

likely inaccurate, so Miller generalized the solution to a better form that allowed for time-

dependent values of this parameter [19].  This updated method serves as the basis for 

much of the current work in TRISO FPMs using closed-form solution approaches and 

Boerôs doctoral thesis describes it in further detail [20].  Boer also includes matrix 

notation formulation of Millerôs technique. 

Again, it must be noted that this closed-form solution is limited to 1D effects and 

thus can only predict pressure vessel failure; 3D effects such as cracking or debonding 

must be accounted for in other ways, as will be discussed later for the PARFUME code.     

3.2 Other Approaches 

Using numerical methods to solve the full 3D stress-strain-displacement equations 

for a TRISO particle has been demonstrated as an alternate approach to simplifications 

that allow a closed-form solution.  The ATLAS code developed by the Commissariat à 

l'Énergie Atomique (CEA) in France uses FEA/FEM to reach numerical solutions.  

Comparisons of ATLAS and PARFUME results show reasonable agreement, as 

discussed in Reference 8. 

3.3 Survey of Existing FPMs 

Bing [21] performed a brief, and sometimes inadequate, review of available 

TRISO FPMs.  This review represents the only survey of existing TRISO FPMs available 
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in the literature; however, it fails to document or describe significant aspects of each 

FPM code as well as the similarities and differences of the codes.  A more significant and 

complete survey of FPMs is needed for the benefit of future researchers and to identify 

the strengths and weaknesses of existing TRISO fuel performance modeling as a whole. 

The PARFUME code [8,22,23,24] developed at INL stands out as the state of the 

TRISO FPM in the United States and, arguably, internationally as well.  PARFUME 

incorporates multidimensional effects into a 1D model by using fully 3D ABAQUS 

calculations to aid the 1D materials model.  As described more fully in Reference 8, a 

suite of ABAQUS calculations are run to account for 3D effects such as shrinkage cracks 

in the IPyC or particle asphericity; these effects are fed back into the overall fuel 

performance predictions by using correlations of how they impact 1D-symmetric particle 

calculations.  The CEAôs ATLAS code, described in Section 2.2 of Reference 8, is also 

one of the leading codes.  ATLAS provides a particle/element model that aims to 

incorporate larger scale effects at the element level, explicitly represents and accounts for 

PyC and SiC layers, and takes a thermomechanical approach to fuel performance 

modeling by tracking pressure and deformation effects [21].  As described above, 

ATLAS uses an FEA numerical solver approach to fuel performance modeling to 

explicitly account for 3D effects in the TRISO.  STRESS3 [25], a U.K. TRISO FPM, 

focuses on stresses in the coating layers.  It accounts for fission product gases, kernel 

swelling, effects from kernel sintering during fabrication, mismatches in coefficients of 

thermal expansion, dimensional changes due to irradiation, and particle-matrix surface 

effects [21].  Germanyôs FZJ model [21] and JAERIôs model in Japan [21,26] both offer 

pressure vessel failure only models; the FZJ model only accounts for the SiC layer, while 
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JAERIôs model incorporates PyC shrinkage/swelling and independent failures for each 

PyC and SiC layer.  The FZJ model is similar to the jointly-developed GA/KFA model 

[27], which offers a simple pressure vessel failure prediction without accounting for 

effects from the PyC layers.  The HEISHI code [28] developed by Young at SNL used 

1D finite difference method calculations to estimate pressure vessel failure probabilities 

for pebble bed space reactor designs.  TIMCOAT [11], developed at MIT, provides a 

particle/element model for pebble bed or prismatic block geometries [21].  The PASTA 

code [20,29,30], developed by Boer during his doctoral thesis at TU Delft in The 

Netherlands, provides 1D stress analysis for TRISO fuels and also accounts for the 

graphite matrix outside of the TRISO particle.  It must be noted that both TIMCOAT and 

PASTA are extremely similar to PARFUME since both were based upon the PARFUME 

code itself; in fact, the PASTA code development effort involved the developer (Boer) 

spending several months at INL with PARFUMEôs developers [7].   
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4 Problem Statement 

While numerous TRISO FPMs exist, as surveyed above, numerous factors 

necessitate the development of a new FPM at UCB including unique capabilities required 

for Deep Burn and intellectual property issues related to other codes. 

Fuel performance modeling for Deep Burn TRISO fuel will require unique 

capabilities due to the materials being used and performance aspects of the DB-MHR 

reactor system.  The reference DB-TRISO concept uses (Pu,Np,Am)O1.7 fuel kernels, 

with the anticipated BOL isotopic composition given previously in Table 3.  The 

properties and expected behaviors for this hypostoichiometric TRU fuel will differ 

significantly from the UO2, UCO, or ThO2 fuels assumed by previous FPMs.  Also, the 

radial and temporal variation in heat and fission product generation for Deep Burn will 

vary significantly more than has been assumed in previous models.  Most existing FPMs 

assume a flat power distribution and fission product generation rate throughout the fuel 

kernel, which fails to account for the significant self-shielding effects observed in 

neutronics depletion analyses for the DB reference concept performed at UCB by 

Cisneros [31].  These depletion analyses, which divided the fuel kernel into five equal-

volume regions, demonstrated a volumetric heat generation rate in the outer kernel shell 

that was 13% higher at BOL and 23% lower at EOL than the inner center kernel shell.  

Neutronics depletion calculations are very sensitive to isotopic reaction rates in high 

burnup fuels [32] and inaccurate modeling of effects such as radially-dependent 

temperatures or fission product generation potentially drastically alters these reaction 

rates.  Lastly, high burnup reactor designs such as Deep Burn should ideally involve 
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coupled calculations for neutronics and fuel performance modeling; modifying an 

existing FPM to couple to an existing neutronics depletion tool could prove prohibitive. 

    The second major motivation for a new FPM for UCB DB analyses is simple, 

but straight-forward: existing FPMs which otherwise might be able to be modified to 

meet the necessary requirements are not publicly available due to intellectual property 

concerns.  The possibility of acquiring PARFUME and modifying it to fit the needs of 

Deep Burn work at UCB was examined at the beginning of this project but did not seem 

feasible within a reasonable timeframe. 

Given these motivating factors, the objective of this current work was identified 

as the development of a 1D closed-form TRISO FPM which addresses the requirements 

of the Deep Burn project and includes the flexibility necessary to allow future coupling to 

neutronics analyses and improvements in TRISO fuel performance modeling. 
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5 Model Development 

The development of TRIUNE (TRISO fUel in a Neutron Environment), UCBôs 

TRISO FPM, is best understood by breaking it down into a summary overview of the 

model and then detailed descriptions of various calculation modules.   

Initial development of TRIUNE aims to produce more of a fuel behavior model 

than a true performance model. Detailed information about temperature distributions, 

internal gas quantities and pressures, the evolution of material properties during burnup, 

stress-strain-displacement calculations, and other desired parameters will be available for 

both tabulation and visualization by code users but no expected fuel failure fraction 

calculations are included at this time. 

All development of TRIUNE has thus far been performed using the 2008 version 

of MATLAB due to its flexibility, ability to handle matrix and vector operations, and its 

built-in visualization tools. 

5.1 Overview 

Similar to other FPMs, TRIUNE pursues a quasi-steady-state solution 

methodology for progressing through the lifetime of a TRISO particle.  Steady-state 

calculations performed at distinct points in time, synchronized to the neutronics depletion 

analysis, track the changes in properties and behaviors of the layers and materials as well 

as the layer interfaces.  Between time steps (and their corresponding steady-state 

calculations), neutronics input parameters are updated along with particle geometry and 

material properties.  Figure 5 provides a conceptual illustrative representation of this 

methodology, where red dots represent steady-state calculations and blue arrows show 
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time-dependent calculations between time steps.  Many more time steps are used in 

practice, with the TRIUNE calculations shown in this report using 57 time steps total. 

 
Figure 5.  Conceptual illustration of TRIUNE quasi-steady-state analysis process. 

 
Time-dependent fission product transport calculations, incorporating production and 

destruction along with spatial redistribution effects, would also occur between time steps 

but are not included in the initial TRIUNE model.  These transport calculations, which 

should model chemical (Fickian) and thermal (Soret) diffusion as well as other migration 

mechanisms and possible trapping mechanisms, represent a major development effort and 

were not included in the initial PARFUME development either [22,24]. 

Each steady-state calculation in TRIUNE involves a series of coupled modules to 

perform the required tasks and handle input and output data.  The material properties and 

fuel behavior at a given time step are assumed to remain constant since the time step 

represents a single moment in time with an infinitesimally small duration.  Figure 6 

shows a schematic flow chart of the calculation process used in TRIUNE.   

0 20 40 60 80 
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Figure 6.  Schematic flow chart of the calculation process used in the TRIUNE model. 

 
Subsequent subsections contain detailed descriptions of most of the major computational 

modules.  User-specified modeling assumptions include the number of zones desired 

within the kernel and buffer, fission gas release module choices and assumptions, and 

various material property assumptions or adjustments.   The geometry calculations listed 

in the flow chart involve adjusting layer thicknesses and volumes, as well as covariant 
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properties such as porosity and density, to account for displacements of the interfaces 

between layers.  The neutronics input consists of data vectors for numerous parameters 

that are inputs or outputs from the neutronics depletion analysis.   

In summary, the steady-state calculation at each time step begins with reading in 

the appropriate neutronics and T/H inputs as well as the updated geometry parameters 

calculated at the end of the previous time step based upon initial values and subsequent 

layer interface displacements.  Heat transfer calculations, which include an iterative 

solver to determine the thermal conductivity of each zone or sub-zone, determine the 

layer interface temperatures and the sub-layer interface temperatures within the kernel 

and buffer.  These temperatures, along with neutronics input and updated porosities and 

densities, enable all of the materials properties to be calculated for the time step.  Gas 

pressure calculations follow, including fission gas release and CO gas generation and the 

resultant total gas pressure.  TRIUNE currently uses data directly from the neutronics 

analyses to provide the fission product (Xe and Kr) inventories at each time step rather 

than estimate fission gas production on its own.  Void volume calculations are included 

in the gas pressure module.  With the internal gas pressure, material properties, and 

required temperatures all known, the stress-strain-displacement equations can be solved 

for that time increment.  Finally, updated values for the volume and thickness of each 

layer are calculated as input values for the next time step.  Updated porosities and 

densities are calculated for each layer as well, since they depend upon the layer volumes. 

It should be noted that the schematic of TRIUNE shown in Figure 6 includes a 

dashed line to indicate a possible feedback loop from TRIUNE to the neutronics (and 

potentially thermal-hydraulic) calculations.  As shown in the current layout, this 
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represents an iterative process between neutronics analysis and TRIUNE, with the 

neutronics analysis proceeding over the full Deep Burn lifetime for a single TRISO 

particle and then passing its information to TRIUNE for fuel performance calculations.  

The data generated by TRIUNE over the full lifetime of the DB-TRISO particle would 

then be passed back to the neutronics calculations to perform an updated full lifetime 

analysis that incorporates time-dependent detailed temperature distributions, changes in 

particle geometry, and spatial redistribution of fission products and/or actinides if future 

versions of TRIUNE incorporate these transport calculations.  This iterative process is 

simple to envision and control but would not be as computationally efficient or accurate 

as development of a fully coupled neutronics-TRIUNE system where the dashed-line 

feedback loop comes from the end of each TRIUNE time step to feed into the next time 

stepôs neutronics calculations directly.  This true coupling would consist of neutronics 

calculations followed by TRIUNE calculations at each individual time step, as well as 

time-dependent neutronics and mass transport calculations between time steps.   

5.2 Neutronics and Thermal-hydraulics Input  

The neutronics input for all of the TRIUNE calculations provided in this report 

came from depletion analysis performed by Tommy Cisneros [31] using the MOCUP 

code package [33] and input parameters based upon the Deep Burn reference concept [6].  

A single DB-TRISO particle, the ñhotò particle located at the maximum peaking factor 

within its fuel region, is followed through its burnup history.  The fuel kernel of this 

particle is broken into five equal-volume regions that are numbered in increasing order 

from the center to the outermost shell, as illustrated by Figure 7.  The buffer, IPyC, SiC, 
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and OPyC layers were each modeled as a single region outside of the five fuel kernel 

zones; thus, a total of nine regions were modeled in the DB-TRISO particle.  

 
Figure 7.  Drawing of the shell numbering scheme for a subdivided DB-TRISO fuel kernel 

 
The current DB-MHR analysis assumes a prismatic block core with eight blocks stacked 

axially at each fuel assembly location; the top four and bottom four blocks exhibit 

symmetry across the axial midplane of the core.  An axial shuffling scheme employed 

over the DB-MHR lifetime achieves more efficient fuel burnup and overall reactor 

performance, with each block undergoing an irradiation cycle at each location within the 

axial 4-block groups.  Further details of the axial shuffling scheme and other neutronics 

input parameters reside in Reference 6.  Summaries of the input and output data from 

MOCUP calculations were provided for use in TRIUNE calculations [31], with some of 

the data displayed below for information purposes. 

One of the key output parameters of the neutronics analysis was the power density 

(in units of Watts per cubic meter) for each shell of the fuel kernel for each time step.  

Figure 8 shows the MOCUP-calculated power densities over a particle lifetime.  



27 

0.E+00

1.E+09

2.E+09

3.E+09

4.E+09

5.E+09

6.E+09

7.E+09

8.E+09

9.E+09

0 200 400 600 800 1000 1200 1400

Time [Days]

P
o

w
e

r 
D

e
n

s
it

y
 [

W
/m

3
]

Zone 1

Zone 2

Zone 3

Zone 4

Zone 5

 
Figure 8.  Fuel kernel power density over a complete particle lifetime, as obtained from Ref.  [31]. 

 
The axial shuffling scheme results in four distinct operating cycles at different power 

levels.  The lifetime average fuel kernel power density of roughly 4.9x10
9
 Watts per 

cubic meter corresponds to a full core reactor power level of 600 MWth.  Other important 

neutronics parameters measure the burnup level of the fuel in units of Effective Full 

Power Days (EFPD) of operation or, alternatively, the number of fissions per initial 

heavy metal atom (FIMA).  These measures, defined as  
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respectively and shown in Figure 9, are used in various material property correlations. 
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Figure 9.  Particle burnup as a function of Time in units of (a) EFPD, and (b) %FIMA. 

 
The last parameter of note here is the accumulated fast fluence in the particle.  Figure 10 

displays the cumulative fast neutron fluence (E>0.1 MeV) in the outermost subzone of 

the fuel kernel (zone 5), calculated using the time step length and the MOCUP-calculated 

fast flux value in this zone, in units of neutrons per square centimeter.   
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Figure 10.  Cumulative fast fluence in the SiC layer over a DB-TRISO particle lifetime. 

 
In TRIUNE calculations, this fast fluence is converted to units of neutrons per square 

meter (or 10
25

 n/m
2
 as appropriate) and used as a representative average fast fluence for 

the entire particle; this is a reasonable approximation since the value of the fast fluence in 

the outermost subzone of the fuel kernel is only 10% lower than the center subzone of the 

fuel kernel and about 8% higher than the fast fluences in the three coating layers. 

Explicit thermal-hydraulic input should be provided to TRIUNE in the form of a 

data vector containing the temperature at the OPyC outer surface at each time step for the 

particle followed in the neutronics analysis.  This parameter, referred to as Tbound, 

provides a required boundary condition for heat transfer solutions.  Unfortunately, the 

axial shuffling scheme described above complicates the explicit determination of Tbound at 

each time step and a detailed vector was unavailable for current TRIUNE calculations; 

instead, a constant temperature of 980°C was assumed.  This value, calculated by Tommy 

Cisneros based upon information from the reference DB-MHR concept and used 

throughout his MOCUP calculations, represents the particle boundary temperature for a 

hot particle based upon coolant temperatures at the core outlet.  The neutronics analysis 
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and TRIUNE analysis thus use a consistent basis for temperature calculations.  Future 

calculations should utilize explicitly calculated values of Tbound at each time step if 

available from T/H calculations. 

5.3 Materials Properties 

TRIUNE utilizes the best available correlations identified in literature for each 

required material property.  Most of the properties were obtained from Reference 8 but 

other sources [12, 34, 35, 36, 37] filled in gaps in the required data or provided 

correlations deemed more applicable or accurate than those in Reference 8. 

Table 4 provides the fuel kernel material properties used in TRIUNE.  The 

unirradiated thermal conductivity was changed from INLôs temperature-dependent UO2 

thermal conductivity to a simple estimate of 2.0 Watts per meter per Kelvin for 

(Pu,Np,Am)O1.7 based upon trends observed in Reference 34 for thermal conductivities 

of hypostoichiometric mixed oxides.  t represents the fuel burnup level in units of 

%FIMA, P is the fractional porosity of the fuel kernel, and all other notations and 

variables follow the conventions described in the Nomenclature section of this document. 
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Table 4.  Fuel kernel material properties used in TRIUNE 

Parameter 

[Units]  
Correlation (or Value) Used in TRIUNE Calculations 

Source  

and Notes 
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The correlations and values chosen for PyC material properties in TRIUNE are given in 

Table 5.  P is the fractional porosity of the PyC layer being analyzed, F represents the 

neutron fluence in units of 10
25

 n-m
-2

, and BAF0 is a measure of anisotropic grain 

orientation currently assigned a value of 1.02 for IPyC and OPyC layers.  The buffer PyC 

is assumed to have isotropic grain orientation.  C r e e p I r r .M  is a user-specified PyC 

irradiation creep constant multiplier currently assigned a value of 2.0 based upon INL 

recommendations [8].  All other notations and variables follow the conventions described 

in the Nomenclature section except that the radial (parallel) and tangential (normal) 

directions are sometimes denoted by the subscripts 1 and 3, respectively. 
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Table 5.  Buffer and dense PyC material properties used in TRIUNE 

Parameter 

[Units]  

Correlation (or Value) Used in 

TRIUNE Calculations 

Source  

and Notes 

Thermal  

conductivity, 

k [W/m-K]  
ö
÷

õ
æ
ç

å

+

-
=

P

P
kPyC

21

1
94737.2  

Based on U.S. correlations 

in Table 1-9 from Reference 

8 but reworked so that 

kPyC=2.0 for ɟPyC=1.9 g/cc. 

Anisotropic  

Orientation 

Parameters 0

3
BAF2

2

+
=R and 

2

1 3
1

R
R

-
=  Reference 12. 

Youngôs modulus, 

E [MPa] 

Buffer:        ( )PE 03.2exp34500 -=  

Dense PyC: 

( )

0BAF03

0BAF01

T

Lc

0301

03BAF03TLc3

01BAF01TLc1

BAF 463.0463.1k  

BAF 519.0481.0k  

20][00015.01k  

23.01k  

Lc662.0985.2k  

324.0384.0k  

25500  

kkkkk

kkkkk

-=

+=

-¯+=

F+=

-=

+=

==

=

=

F

F

F

CT

EE

EE

EE

rr

r

r

 

Table 1-11 of Reference 8.  
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Table 6 provides the SiC material properties used in TRIUNE.  P represents the fractional 

porosity and Youngôs modulus has units of GPa instead of MPa.  All other notations and 

variables follow the conventions described in the Nomenclature section. 

Table 6.  SiC material properties used in TRIUNE 

Parameter 

[Units]  
Correlation (or Value) Used in TRIUNE Calculations 

Source  

and Notes 

Thermal 

conductivity, 

k [W/m-K]  

( )( )( )

( ) ( )3
9

2

74

,0

32

,0

108458.1102977.1105564.1
58.42   

11024732.2exp1091112.3

SiCSiCSiC

SiC

SiCSiCSiC

TTT
k

PTkk

³-
+

³
+

³-
+=

-Ö³Ö³= --

 Reference 8. 

Coefficient of 

thermal 

expansion, a 

[10
-6
 K

-1
] 

if TSiCÒ1273 K: 

39

25

105246.4       

105544.1       

  0178.08276.1

SiC

SiC

SiC

T

T

T

-

-

³+

³-

+-=a

 

 

if TSiC>1273 K: 

0.5=a  

Reference 

37. 

Youngôs 

modulus, E 

[GPa] 
460  

962
exp04.0)57.3exp(

0

01

=

öö
÷

õ
ææ
ç

å-
--=

E

T
TPEE

SiC

SiC
 Reference 

35. 

 

5.4 Heat Transfer Module 

TRIUNE uses a 1D finite difference solver for heat transfer calculations to 

determine layer and layer interface temperatures.  The user specifies whether the solver 

should use the radially-dependent volumetric heat generation rates or the single zone 

average heat generation rate from the neutronics input.  The solver also allows a user-

specified number of subzones within the buffer region.  Since the thermal conductivity of 

each region is based upon the temperature of the same region, an iterative solver was 

developed that uses initial guesses at the temperatures of the SiC (TSiC) and fuel kernel 

center (Tcenter) based upon the T/H input for Tbound.  The heat transfer solver converges on 

a solution based upon the user-specified maximum deviation allowed for the bulk 
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temperature in the fuel kernel between consecutive iterations.  More exact approaches 

would explicitly require converged solutions for additional temperatures and thermal 

conductivities but, given the small temperature drops and the calculation time required 

for further convergence, the current method is believed to be adequate.  The existing heat 

transfer solver takes more than half of the total TRIUNE computation time according to 

representative calculations run using the MATLAB Profiler. 

The temperature difference across zone i with volumetric heat generation (i.e., a 

fuel kernel zone) is given by 
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while the temperature difference across zone i without volumetric heat generation is  
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since it simply depends on spherical heat conduction without an internal source term. 
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5.5 Internal Gas Pressure 

Gas pressure builds up inside the IPyC layer due to accumulation of gaseous 

fission products (dominantly Xe and Kr) released from the fuel kernel and CO.  Gas 

pressure calculations in TRIUNE thus involve quantifying the amount of gaseous FPs 

produced that subsequently undergo fission gas release (FGR) from the kernel to the void 

volume, quantifying the amount of CO gas produced in the buffer, and then performing 

calculations to determine the internal pressure due to released gaseous FPs and CO gas. 

Though initial TRIUNE development efforts utilized a simple estimate of Xe and 

Kr inventories based upon representative fractional fission yields and cumulative fissions, 

the current version of TRIUNE uses a Perl script to extract the precise Xe and Kr 

inventories from the neutronics analysis MCNP input files for each time step; this ensures 

that the fission gas inventories include precise energy and nuclide dependence in their 

production terms and also accounts for fission gas destruction due to both radioactive 

decay and transmutation.  Furthermore, this approach guarantees consistency between 

neutronics and TRIUNE calculations. 

Fractional release calculations, due to both recoil release and Booth release, are 

performed to determine the amount of fission gas released to the particleôs void volume.  

Recoil release accounts for the direct kinetic release of fission fragments from the kernel 

into the buffer region.  It is governed by the equation 

 

( )
( )

( )

rangefragment fission  avg d

and kernel, fuel of radiusr

recoil,  todue release fractional FR

:where

r

drr
25.0FR

k

recoil

3

k

3

k

3

k
recoil

=

=

=

--
=

 
(7) 

 



36 

and only varies with the fuel kernelôs geometry rather than its composition or material 

properties.  Nominal values of recoil release for kernel diameters of 350µm and 500µm 

are roughly 2% and 1.5%, respectively [8].  The Booth FGR model assumes diffusive 

release to grain boundaries from an ñequivalent sphereò representing a single grain.  

Booth model calculations in TRIUNE follow the PARFUME approach given as 
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with the series approximation to the integral truncated at nmax terms (a user-specified 

number currently set to nmax=50).  The effective diffusion constants for Xe and Kr at 

900ęC are 4.5x10
-21

 m
2
/s and 2.5x10

-21
 m

2
/s, respectively [36].  These values, currently 

used throughout all TRIUNE calculations, should actually vary with temperature in future 

versions of TRIUNE but nevertheless provide accurate estimates of Booth-based FGR.  

The user-specified Booth radius has been assigned a value of 15ɛm in current TRIUNE 

calculations based upon INL documentation [8] and informal recommendations [7]. 

TRISO FPMs must be able to adequately predict CO gas generation the resulting 

pressure represents the majority of internal gas pressure in many situations.  The simple 

approach to CO production taken in applications for LEU or HEU fuels has been to use a 

correlation to calculate the number of free oxygen atoms released from the fuel kernel per 

fission event [8].  Common correlations include the Homan formulation [8] 
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for LEU (
235

U < 20 wt%) UO2 fuels, the Proksch model [8] 
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which accounts for both uranium and plutonium fission contributions but is limited to the 

ranges of  1525C][ T950 <¯<  and  550[EFPD]t 66 << , and the Stress3 model 

proposed by Martin [8] 

 

[K] etemperaturT

and event,fission per  released atomsoxygen  ofnumber O/f

:where

3311/T]1.641exp[O/fPu

=

=

-=

 (11) 

 

which assumes oxygen release is proportional only to plutonium fission rates.  These 

approaches are likely not applicable for Deep Burn applications because the initial fuel is 

not uranium but rather (Pu,Np,Am)O2-x , the initial fuel is hypostoichiometric (as denoted 

by the ñ2-xò subscript), the reference Deep Burn concept goes to about 1400 EFPD, and 

at high burnups most of the fission events will be in TRU elements other than plutonium 

which are not accounted for in existing models.  Initial efforts using the Proksch 
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correlation in TRIUNE calculations found that CO production was significantly under-

predicted.  Existing TRIUNE calculations therefore set the O/f parameter to a user-

specified constant value (currently the Proksch maximum limit of O/f=0.625 which 

should be overly conservative); as will be discussed in further detail later, this model of 

oxygen release and subsequent CO production should be improved in the future. 

The calculated quantities of fission product and CO gases released to the void 

volume feed into subsequent calculations for internal gas pressure, which can be 

calculated through various means.  The simplest method is the Ideal Gas Law (IGL) 

which gives the pressure as 
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(12) 

 

but most TRISO FPMs use the Redlich-Kwong Equation of State (R-K EOS) which 

defines the internal gas pressure as 
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with the averaged gas constants calculated via  
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(14) 

 

as in PARFUME.  Reference 8 provides the gas constants needed for R-K EOS 

calculations, which have been reproduced in Table 7 below. 

Table 7.  Gas constants for R-K EOS calculations, as reproduced from Ref. [8]. 

 

 
Reference 8 demonstrated that IGL calculations yield  significantly lower internal gas 

pressures in a TRISO compared to R-K EOS results because the IGL does not consider 

the volume occupied by the gas molecules themselves whereas the R-K EOS adjusts the 

void volume to take this factor into account.  Visual evidence of the differences between 

IGL and R-K EOS pressures in TRIUNE calculations are shown in verification plots 

provided in Section 6.1.  



40 

5.6 Stress-Strain-Displacement Calculations 

TRIUNE uses the updated closed-form solution to stress-strain-displacement 

relationships within a spherical pressure vessel described by Miller [19] and Boer [20], 

which was based upon earlier work by Miller [18].  The governing equations for this 

approach start with the radial and tangential strain derivatives with respect to neutron 

fluence given by [20]: 
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using the notation documented in the Nomenclature section of this document.  The terms 

in these derivatives account for elastic effects, irradiation creep, IIDC (irradiation 

shrinkage and/or swelling), and thermal expansion respectively.   It must be noted at this 

time that in the above equations, and in all subsequent equations, one must pay particular 

attention to the units of the notation used (e.g., the PyC irradiation creep constants given 

as c are in units of 10
25

 n/m
2
).  The second section of the governing equations defines the 

strain-displacement relationships and the equilibrium requirement imposed on the system, 

written as [20]: 
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where the notation defined in the Nomenclature section is again used.  Figure 11 shows 

the spherical geometry of a typical TRISO fuel particle and the numbering scheme for the 

radial positions of the various layer interfaces.   



41 

 
Figure 11.  TRISO particle geometry numbering scheme, as reproduced from  Reference 19. 

 
Following the procedure of both Miller [19] and Boer [20], the radial displacement and 

radial and tangential stresses in the governing equations are assumed to be well-

represented by polynomial series of the form: 

  (20) 

  (21) 

  (22) 

 

which are then truncated at the n=1 terms to provide first-order polynomial expansions.  

Combining Equations (15)-(22) yields an incremental solution for the displacement 19: 

  (23) 

 

where 

  (24) 

 

with .  Using these terms, a function F(t) can be defined as 
































































