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1 Introduction 

The primary goal of this research is to develop and demonstrate advanced 

simulations capabilities for heterogeneous light water reactor (LWR) core designs for the 

recycling of transuranics (TRU). LWR recycling of TRU has been considered in the past 

as part of a dual-tier recycling system in the Advanced Fuel Cycle Initiative (AFCI) 

program; shown in Figure 1. In the dual-tier scheme, TRU is recycled limitedly by the 

current fleet of operating reactors as a near term solution until more advanced reactor 

designs can be deployed. To support the design of TRU cores, a need to move to more 

advanced simulation methods has been identified in the AFCI program [Palmiotti, 2005]. 

Performing advanced simulations can provide a better understanding of the underlying 

physical phenomena, in addition to decreasing the number of experiments in support of 

the design process, reducing design margins, and shortening the developmental design 

cycle. The unique design and analysis challenges posed by TRU recycling in LWRs 

present an opportunity to develop and exercise advanced simulation methods to a new 

problem for a system that is well known by the nuclear industry. 



Advanced Simulation of Heterogeneous Light Water Reactor Cores for Transuranic Recycle 

Chapter 1 - Introduction 

 2 

 

Figure 1 ï AFCI Transmutation System Strategies 

In general, the strategy for TRU recycling in LWRs consists of loading only a part 

of the core with a mixed-oxide (MOX) fuel. This creates an inherent heterogeneity to the 

problem that can be addressed in two distinct ways. One way is to use a heterogeneous 

assembly design; that is, different fuel pins within the assembly will be composed of 

either a mixed oxide fuel with Pu (and sometimes other minor actinides) as the fissile 

component, or the fuel pins will be composed of the traditional UO2 fuel. This single 

assembly design will then be loaded homogenously throughout the core. Alternatively, 

the fuel assembly design may have a homogenous fuel composition and the core will be 

loaded with multiple assembly types, with each assembly being composed entirely of 

uranium dioxide fuel or entirely of a mixed oxide fuel. Even if the heterogeneous 

assembly approach is selected, the heterogeneous core must also be considered, as fully 

UO2-fueled cores transition to the first core loadings with reprocessed fuel. 
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The exercise of applying advanced simulation methods to a well known system 

provides an assessment of their potential gains. Conventional approaches to reactor 

design and analysis have already been proven adequate since MOX assemblies are 

currently in use, but this work helps to identify some of the potential limitations of 

conventional approaches. Furthermore, the cost, challenges, and limitations of 

performing advanced simulations are identified. The identification of these issues can 

then help focus future research. Lastly, from the analysis performed, knowledge about the 

efficiency, operability, and sustainability of TRU recycling in LWRs is better understood. 

1.1 Previous Work 

Previous studies [Kim, 2002; Stillman, 2004] investigating TRU recycling in LWRs 

have typically been performed at the assembly level using lattice physics codes. These 

studies showed that TRU multi-recycling in LWRs using a heterogeneous assembly 

design in a homogenous core is physically possible, but from a fuel cycle perspective has 

some practicality issues such as fuel handling during fabrication. A subsequent outcome 

of the methodology used in these studies is that it limits the analysis to homogenous core 

loading schemes only, since the lattice code does not model multi-assembly problems; in 

this regard, lattice codes have been used for color-set calculations involving four different 

assemblies, but become inefficient for models with more assemblies. 

Other work that is still on-going is the development of an advanced reactor physics 

simulation tool for application to LWR cores. The code DeCART [Joo, 2004], used for 

this study, is capable of providing high-fidelity solutions (e.g. sub-pin level power 

distributions) for direct whole-core calculations treating the explicit geometry of the fuel 

pin for steady-state, depletion, and transient problems with thermal hydraulic feedback at 
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the pin level. The original development of the code was done under an I-NERI project 

involving U.S. and Republic of Korea national laboratories and universities, and was 

sponsored by the U.S. DOE Office of Nuclear Energy. 

1.2 Present Work 

Chapter 2 provides an overview of the methods employed by DeCART for 

performing the whole-core calculation. Chapter 3 discusses the necessary advancements 

of these methodologies that were required to perform a core analysis. In Chapter 4 the 

results and analysis of the study performed are presented. The analysis consisted of 

calculating and then comparing equilibrium core designs in both 2-D and 3-D for 

homogenously loaded reactors utilizing either conventional UO2 for reference or 

CORAIL assemblies for MOX recycling. A heterogeneous equilibrium core design was 

also calculated for 2-D. Finally, in Chapter 5 the conclusions of this work are presented. 
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2 Overview of Methods 

This chapter will provide an overview of the methods used in the DeCART code 

[Joo, 2004], which has been used for the whole-core calculations performed in this thesis. 

For DeCART to perform the whole-core calculation this requires the use of the neutron 

transport, depletion, and thermal hydraulic calculational modules in DeCART; each of 

which rely on a different set of governing equations. Also described is the treatment of 

the cross section resonances to incorporate temperature feedback and the methodology 

used to obtain the equilibrium core compositions. This last feature is one of the original 

contributions performed as part of this thesis work. 

The overview of DeCART in the following sections is not intended to describe the 

subtleties of all the methods. More detail is available in the numerous references provided 

in each of the sections. 

2.1 Neutron Transport Methodology 

DeCART utilizes a multi-group deterministic approach referred to as 2-D/1-D for 

solving the whole core transport problem. This is implemented within the framework of a 

low-order 3-D coarse mesh finite difference (CMFD) scheme that couples higher-order 

solutions provided by 2-D method of characteristics (MOC) [Halsall, 1980] kernel and a 

1-D nodal diffusion kernel based on the nodal expansion method (NEM)  

[Finnemann, 1977] or the semi-analytic nodal method (SANM) [Fu, 2002]. The objective 

of the multi-group (typically 47 groups are used) neutron transport calculation is to 

provide sub-pin level scalar flux distributions while treating the explicit heterogeneous 
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geometry of the problem. The iteration algorithm for steady-state eigenvalue problems 

that integrates all these methods is shown in Figure 2 below. 

 

Figure 2 ï Outer Iteration Algorithm in DeCART  

In Figure 2, i represents the DeCART outer iteration number, j is the CMFD outer 

iteration index, k is the 2-group CMFD iteration index, and l is the multi-group CMFD 

iteration index. Note that the eigenvalue, keff, of the system is only updated by the CMFD. 

For the exit criteria: Ů2g, Ůmg, and ŮCMFD are specified by the user. Then DeCART 

computes each residual, r, where the subscript 0 indicates the initial value. The other 

subscripts indicate if the residual is part of the 2-group CMFD, multi-group CMFD, or 

outer iteration. The superscripts indicate the iteration number of the respective solvers. 
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Each residual is essentially calculated as an l2 norm between successive iterations, the 

equations for some of these are provided later. 

2.1.1 2-D/1-D Method 

The basic approach in DeCART for solving the 3-D whole core calculation is the  

2-D/1-D method. This method splits the 3-D problem up into a 2-D radial problem and a 

1-D axial problem. Any number of neutron transport or diffusion based methods can be 

used for providing the planar and axial solutions. Those used by DeCART will be 

discussed in the following sections. The general motivation for using 2-D/1-D is that it is 

considerably less computationally expensive than a full 3-D transport calculation for 

large (e.g. core level) problems in which a fine level of detail is desired in the solution. 

To obtain the coupled set of 2-D and 1-D equations for neutron transport, we will 

first show how the 2-D equation is obtained starting from the steady state Boltzmann 

transport equation shown below, 

( ) ( )( ) ( )ErqErErEr ,,,,,,, W=WS+WÐÖW
CCCCCCCC

jj  Eq. (2.1) 

where q represents the fission and scattering sources. 

( ) ( )
( ) ( )
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,,

EddErEEr

EddErEr
Er
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Erq
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p
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p
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 Eq. (2.2) 

Eq. (2.1) is then integrated along the z direction over a thickness of hz to obtain the 2-D 

equation shown by Eq. (2.3), where the subscript r indicates the vector for the radial 

plane, ɗ is the polar angle, Ŭ is the azimuthal angle, and the bar notation indicates the 

average value over the direction of integration. 
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 Eq. (2.4) 

Note that the transverse integration of Eq. (2.1) generates a transverse leakage term, Lz, 

for the axial direction. Similarly, by integrating Eq. (2.1) along the radial direction would 

yield a 1-D equation for the axial direction with a transverse leakage term, Lr. It is 

through these terms that the 2-D and 1-D solutions are coupled. 

As mentioned previously, the 2-D/1-D technique can be used for transport theory as 

shown or diffusion theory, or some combination of the two. Since the axial direction in 

LWRôs is generally less heterogeneous with a smoother flux shape than the radial 

direction, diffusion theory can be sufficient for providing accurate solutions at less 

computational expense. Therefore, DeCART currently uses a diffusion based nodal 

method for the axial solver, the details of which are discussed later on in the chapter. 

However, itôs worth noting now that a 1-D diffusion solution does not contain the 

necessary information for calculating the axial transverse leakage term defined by  

Eq. (2.4). Therefore, a transverse leakage approximation is required. The axial angular 

flux distribution at best could be represented by the P1 approximation of the angular 

distribution, however an even simpler double-P0 (DP0) approximation may be used since 

this will still provide the same scalar flux distribution as the P1 approximation. Currently 

the DP0 approximation, which essentially defines an isotropic axial leakage, is used 

because this only requires knowing the partial currents at the top (JT,±
) and bottom (JB,±

) 
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surfaces of a plane. The calculation of the axial transverse leakage is explicitly shown by 

Eq. (2.5). 
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 Eq. (2.5) 

2.1.2 3-D CMFD Formulation 

As mentioned previously the framework for the 2-D/1-D is a 3-D CMFD 

calculation. The CMFD kernel is essentially what combines the 2-D MOC solution with 

the 1-D solution into a global 3-D solution. Therefore, a discussion follows on the 3-D 

CMFD problem to highlight what the CMFD kernel requires from the 2-D and 1-D 

solutions. 

The 3-D CMFD kernel in DeCART is formulated as a nodal neutron balance 

equation shown below for a homogenized node (l,k), where l and k are the planar and 

axial indices, respectively. The coarse mesh node in DeCART is understood to be an 

axial slice of a pin cell as shown in Figure 3 with the node average scalar flux, f, being 

the solution vector to the CMFD linear system of equations. 
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f  Eq. (2.6) 

In Eq. (2.6) Jrad and Jz are the surface average currents in the radial and axial directions, 

respectively, normal to node surface s with area A. The symbolsf, S, and S  represent 

the node average flux, removal cross section, and source which includes fission and 
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scattering. Finally, V is the node volume and Nl
rad and Nk

z are the number of neighboring 

nodes in the radial and axial directions. 

The node averaged terms of Eq. (2.6) are all obtained through flux-volume 

weighted homogenization techniques using the higher order solution provided by the 2-D 

MOC solution which is discussed in detail later in the chapter. The expression for the 

surface averaged radial net currents is given as: 

()( ) ()( )klkslsklklkslsklskl

rad DDJ ,,,,,,,,,, Ĕ~
ffff +---=  Eq. (2.7) 

where kl ,f  is the node averaged scalar flux for the lth node in the kth
 plane and ()ksl ,f  is 

the node averaged scalar flux of the node neighboring node (l,k) on the s side. D
~

 and DĔ 

are the radial coupling coefficients which represent the coefficient for the normal finite 

difference approximation and a higher-order current correction factor, respectively. D
~

 is 

taken as the conventional definition of the diffusion coefficient, where as DĔ can only be 

determined by the MOC solution. Note that the inclusion of the higher order current 

correction factor allows for the CMFD solution to exactly reproduce the 2-D MOC 

transport solution at least in terms of the scalar flux. 

Just as the radial currents were provided by a higher order 2-D solution, the axial 

currents are also provided by the 1-D solution of a higher order nodal method used for the 

axial direction. As will be shown in the following sections the response matrix for NEM 

and SANM may be formulated to provide the axial current directly. The result of this 

formulation is that the final equations for the 1-D solvers can be imbedded directly into 

the CMFD kernel by substitution into Eq. (2.6). 



Advanced Simulation of Heterogeneous Light Water Reactor Cores for Transuranic Recycle 

Chapter 2 - Overview of Methods 

 11 

 

Figure 3 ï DeCART 3-D CMFD Problem 

2.1.2.1 1-D Nodal Expansion Method 

As mentioned previously, because the axial power shape in LWRs is fairly smooth 

and the core is fairly homogeneous along the axial direction, a diffusion based nodal 

method should be sufficient to provide accurate results. Note however, that the use of a 

diffusion based method will have some error for problems with a partially inserted 

control rod as noted by [Cho, 2006]. The 1-D diffusion equation is: 

() () ()() ()zqzzz
z

zD tr =S+
µ

µ
- ff

2

2

 Eq. (2.8) 

where D is the diffusion coefficient, qt is the total source representing fission, scattering, 

and the radial transverse leakage and Ɇr is the removal cross section. For simplicity in 

notation the group index has been dropped. In DeCART, NEM is derived for the 1-node 
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problem. The main approximation of NEM is that the solution of Eq. (2.8) can be 

represented by a 4
th
 order polynomial. 

() ()ä
=

@
4

0i

ii ufauf  Eq. (2.9) 

The derivation of the NEM expression then involves selecting an appropriate set of basis 

functions, f(u) where u=z/hz, and then determining the coefficients of the polynomial. 

DeCART uses a set of orthogonal polynomials defined on the interval [0,1] as the basis 

functions and the following constraints: 
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The second and third constraints represent a physical relationship that comes from the P1 

definitions of the surface flux, the next two constraints are purely mathematical and are 

obtained using the weighted residual method. 

The resulting set of equations relates the node average flux with the partial currents 

at the top and bottom surfaces of the node, as well as the first and second flux moments. 
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The terms are then rearranged to formulate the final form of the NEM response matrix, 

shown by Eq. (2.11). This expression is then substituted into Eq. (2.6). 
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 Eq. (2.11) 

2.1.2.2 1-D Semi-Analytic Nodal Method 

The semi-analytic nodal method is also derived for a single node starting from  

Eq. (2.8). However, instead of assuming that a 4
th
 order polynomial can satisfy the 

solution, it is assumed the source term of Eq. (2.8) is represented by a 4
th
 order 

polynomial. 
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where Pi are the Legendre polynomials and u=2z/hz. The general solution of Eq. (2.8) can 

then be written in the following form: 
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The hyperbolic functions arise from the homogenous part of the solution, and the linear 

combination of Legendre polynomials represents the particular part of the solution to  

Eq. (2.8). The rest of the steps in deriving the final expression for the SANM solution are 

similar to those required by NEM. Specifically, the coefficients to Eq. (2.13) must be 

formulated in a similar manner to the NEM approach so that the final expression can be 

substituted into the global CMFD balance equation of Eq. (2.6). The final expression for 
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the 1-node SANM formulation is shown by Eq. (2.14); note that the coefficients, Ti, of  

Eq. (2.14) are different from those in Eq. (2.11). 
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 Eq. (2.14) 

2.1.3 2-D Method of Characteristics 

The basis for the 2-D transport calculation in DeCART is the method of 

characteristics. It is well known to provide an accurate solution for general geometries. 

Starting from Eq. (2.3) and defining the right hand side as a combined source term, q~ , 

the method of characteristics, which is a general mathematical technique for transforming 

a partial derivative into a total derivative by considering a characteristic direction s, is 

applied. 
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From here, Eq. (2.15), can be integrated along the characteristic direction, s, to obtain an 

analytic solution of Eq. (2.3). If the integration is considered for a region where the 

source term and material properties are assumed to be constant, then the final form of the 

MOC equation is shown by Eq. (2.16); where the outgoing angular flux of a region is 

expressed as a function of the incoming angular flux, region source and cross section, and 

characteristic length s. 
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With this formulation, a set of parallel tracks or rays for different azimuthal angles can be 

used to represent the characteristic directions along which neutrons may traverse the 

problem domain. Considering now the discretized problem for group g, region i, and the 

characteristic ray j, with thickness, ȹ, of the solid angle, ɋ(Ŭk,ɗm), defined by azimuthal 

angle Ŭk, polar angle ɗm, the MOC expression for the outgoing angular flux is given by 

the equation below. 
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Figure 4 ï Characteristic Ray passing through a Discrete Region 

The average angular flux for the i th
 flat source region is then obtained by integrating 

Eq. (2.16) from r0 to r1. It is shown below by Eq. (2.18) in its discretized form. Finally 

the scalar flux is calculated by taking the weighted sum of the average angular fluxes for 

a region. 
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There are several other subtleties to the implementation of MOC that relate to the 

discretization of the characteristic tracks or rays and how they are traced across the planar 

domain. In DeCART the angular discretization is based on an optimal set of polar angles 

[Leonard, 1995] and equally spaced azimuthal angles. A modular set of rays is then 

chosen which allows for path linking of the rays across the core [Kosaka, 2000]. 

Furthermore, modular rays only require storing information about each unique ray tracing 

module for which rays are generated and thus lessens the computational burden of 

performing the whole-core calculation since the actual core geometry is typically 

repeated. The details of the ray tracing implementation are not necessary for 

understanding MOC, and so no further discussion of them is provided here. However, 

details about the MOC implementation in DeCART can be found in [Cho, 2003]. 

2.2 Depletion Methodology 

Since the fuel composition varies with the fuel burnup, a depletion calculation is 

essential to reactor physics calculations and analysis. A change in composition can 

impact several aspects of the reactor, including the multiplication factor, neutron 

spectrum, local power distribution and reactivity coefficients. A general expression for 

the depletion of a nuclide by neutron reaction and radioactive decay can be written as 

follows: 
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where 

Xi(t) : particle density of nuclide i 

ɚi   : the radioactive disintegration constant for nuclide i  

ůi  : the effective 1-group neutron absorption cross section of nuclide i  

ůk  : the effective 1-group total neutron cross section of nuclide k 

f  : the total neutron scalar flux  

l ij  : the fractions of radioactive disintegrations by nuclide j which lead to the 

formation of nuclide i 

fik : the fractions of neutron reactions by nuclide k which lead to the 

formation of nuclide i. 

Note that this equation only considers a single homogenous region or point with 

constant flux. This is to give the equation constant coefficients and to remove a non-

linearity from the equation that can be introduced by considering a time dependence of 

the flux. The motivation for the application of these assumptions is to obtain a differential 

equation that can be solved easily. In DeCART, a depletion ñpointò is analogous to a 

uniform cross section region. This means that the fuel composition of a pin can be 

radially or azimuthally and radially dependent as shown by Figure 5 and Figure 6. 

Typically, only radially dependent cross section regions are used unless there is a strong 

local asymmetry. 
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Figure 5 ï Radially Dependent Uniform Cross 
Section Region (Grey) 

 

Figure 6 ï Radially and Azimuthally 

Dependent Uniform Cross Section Region 

(Grey) 

Next the nuclide concentrations are considered for several species as a vector, 

T

Ni XXXX ),,,,( 1 22
C
= . The rate of change of the fuel composition for a homogenous 

region can then be expressed as a homogenous system of coupled linear first-order 

ordinary differential equation as follows: 

X
dt

Xd C
C

Ö=A  Eq. (2.21) 

where A is a NxN matrix constructed from the neutron reaction rates and radioactive 

decay rates and their fractions. Note that the diagonal components are all negative and 

represent the removal rates of each nuclide Xi and the off-diagonal components aij  are all 

positive and represent the formation rates of Xi from Xj. The purpose of the depletion 

calculation is to solve the system of equations represented by Eq. (2.21). 

There are several methods for performing depletion calculations. Most of the lattice 

codes such as CASMO [Smith, 2000] and HELIOS [Stammlôer, 2002] use the 

linearization method, where each nuclide has only one precursor and successor. Although 

it is very tedious to setup the linearization, this method is very fast and straight forward to 
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calculate. However, there are lots of assumptions that go into the linearization, and when 

the depletion chain is changed the program must be modified to consider the new 

depletion chain. The other approach is to solve Eq. (2.21) directly using the matrix 

exponential method developed for ORIGEN [Bell, 1973]. Since this method can include 

lots of nuclides and can be extended without any limitation; this method is known to be 

the most powerful. 

2.2.1 Matrix Exponential Method for Long-Lived Nuclides 

It is known that there are several methods for obtaining the solution of Eq. (2.21). 

By applying the matrix exponential method to Eq. (2.21) the solution becomes: 

)0()exp()( XttX
CC
Ö= A  Eq. (2.22) 

where a vector )0(X
C

 represents the known particle number densities at the beginning of 

the time step. Obtaining )(tX
C

 then becomes a matter of calculating exp(At). This can be 

done through a Taylor series expansion of the matrix exponential shown by Eq. (2.23). 
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If all the nuclides are included in the transition matrix, then A becomes a very large 

sparse matrix with widely separated eigenvalues that makes solving the matrix 

exponential equation of Eq. (2.22) nearly impossible. Issues also arise in maintaining the 

accuracy of the solution by the matrix exponential method due to the floating point 

arithmetic involved in the summation of very large and very small numbers. 

Since the full transition matrix cannot be solved for efficiently by the matrix 

exponential method, the matrix is divided into two parts; one for long-lived nuclides and 
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the other for short-lived nuclides. Considering just the long-lived nuclides, the matrix 

exponential can be accurately computed for Eq. (2.22).The solution of the short-lived 

nuclides is discussed in the next section. The criterion for the matrix separation is based 

on the removal half-life where the long-lived nuclides are defined such that the 

irradiation time interval is less than 10 times their removal half-life, since any 

concentration of a nuclide essentially becomes zero after 10 half-lives. 

2/1,,10 ritt¢D  where 
fsl ii

rit
+

=
2ln

2/1,,
 Eq. (2.24) 

Given that our transition matrix is only going to consider long-lived nuclides, the 

suggestion of Ball and Adams [Ball, 1967] that the transitions involving short-lived 

nuclides with large removal rates be considered "instantaneous" is adopted. For a decay 

chain of A Ą B Ą C in which the removal half-life for B is very small, then the matrix is 

reformulated for the decay chain A Ą C; where the transition coefficient is obtained from 

Vondyôs solution of the Bateman equation [Vondy, 1962] to consider the impact of the 

intermediate short-lived nuclide, B, that has been removed. Similarly, if the removal half-

life for A is very small, the decay chain is rewritten as B Ą C, however in this case the 

amount of isotope B initially present must be adjusted using Batemanôs solution to 

include the short-lived precursor A so that the initial particle number density of B will be 

equal to A+B for the matrix exponential calculation. 

The exponential matrix method and the Bateman solutions complement each other 

in this approach. The exponential matrix method is quite accurate when the transition 

coefficients are small but has problems when including large rate constants; conversely 
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the Bateman solution has some numerical difficulties for extremely small rate constants, 

but is stable and accurate for large rate constants. 

2.2.2 Iteration Method for Short-Lived Nuclides 

The particle number densities for short-lived nuclide chains beginning with a long-

lived precursor are calculated using an iteration method. The short-lived daughter is 

assumed to be in secular equilibrium with its parent at the end of any time interval. The 

concentration of the parent is obtained from the exponential matrix method described in 

the previous section, and the concentration of the daughter is calculated by setting the 

time rate of change to zero because of the secular equilibrium assumption. 
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0#  Eq. (2.25) 

Eq. (2.25) can be readily solved by using a Gauss-Seidel iteration. The coefficients in Eq. 

(2.25) have the property that all the diagonal elements of the matrix are negative and all 

off-diagonal elements are positive. The algorithm involves inverting Eq. (2.25) and using 

assumed or previously calculated values for the unknown concentrations to estimate the 

concentration for the next iteration 
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The iterative procedure has been found to converge very rapidly since, for these short-

lived isotopes, cyclic chains are not usually encountered and the procedure reduces to a 

direct solution. 
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2.2.3 Predictor-Corrector 

As mentioned previously in the chapter, in the formulation of the time rate of 

change for an isotope, Eq. (2.20), the flux is assumed to be constant with time. There are 

several techniques for incorporating the time dependence of the flux into the depletion 

calculation. This is typically done by dividing the depletion problem into series of time 

steps, and periodically performing transport calculations. However, because the time 

dependence of the flux has non-linear feedback from the change in the fuel composition 

the optimum depletion step size is often not known a priori, and to maintain an accurate 

solution the time steps are often very small leading to a longer computation time. 

Therefore, to reduce computation time and allow for longer burnup step sizes DeCART 

adopts the commonly used predictor-corrector technique. 

The predictor-corrector method works by computing a predicted nuclide 

concentration for a given time step, and then a corrected nuclide concentration. The basic 

predictor-corrector approach is: 
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The predictor step includes the typical depletion calculation to obtain the particle 

number densities, Nt2(ft ,ů t ), at burnup t2 by using the 1-group flux and cross section 

at the time of burnup t1. At this point the new predicted 1-group flux (fP
t2) and cross 

section (ůP
t2) are obtained through a transport calculation using the predicted 

concentration, NP
t2(ft ,ůt ). Next the corrector step performs a depletion calculation 

using the new 1-group flux and cross section and the new corrected particle number 

densities, NCt2(f
P

t2,ů
P

t2), are obtained. The final particle number densities for t2 are then 
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taken to be the arithmetic mean of the predicted and corrected concentrations. Once Nt2 is 

obtained then a transport calculation is performed to obtain the steady state flux 

distribution at t2, (ft2). This process is illustrated in Figure 7 below. 

 

Figure 7 ï Predictor-Corrector Method 

2.3 Thermal-hydraulic Feedback Methodology 

The final step to producing realistic 3-D core power distributions at hot full power 

conditions necessitates the use of thermal-hydraulic (T/H) feedback to the neutron 

transport solver. This feedback is accomplished through Doppler broadening of cross 

sections, primarily in the fuel, and also changes in material density, namely in the 

moderator regions. In general, the T/H calculation consists of two parts, the convective 

heat transfer in the coolant and the heat conduction in the fuel pin. Although DeCART is 

capable of performing transient problems, which requires a transient formulation of the 

governing equations, only the steady state T/H solver is discussed here because the 

transient formulation does not pertain to the work of this thesis. The details of the 

methods for performing the steady state T/H calculations and temperature feedback of the 

cross sections are briefly described in the following sections. 
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2.3.1 Thermal-hydraulic Energy Balance 

The basis for determining the coolant temperature and density distribution is a 

conservation of energy. The energy balance is performed on a pin-wise basis using the 

coarse mesh of the CMFD kernel described previously. It assumes a closed channel, so 

there is no cross flow between pins and only 1-D flow in the axial direction. From the 

first law of thermodynamics with constant pressure and steady-state conditions the 

energy balance for a node(l,k) can be written as: 

flowkl
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kl
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q
hh
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,

,,

¡
+=  Eq. (2.28) 

where h is the specific enthalpy, qǋ is the node average linear heat rate, m is the node 

mass flow rate, and Aflow is the coolant flow area. Once the node inlet and outlet 

enthalpies are known the node average enthalpy is computed. With the node average 

enthalpy and pressure, the temperature and density of the coolant are determined from a 

steam table and the coolant material composition is updated. The system pressure, mass 

flow rate, and inlet enthalpy for the core are provided by the user. 

2.3.2 1-D Conduction 

Two sets of equations are used to solve the steady state 1-D conduction problem 

shown in Figure 8. Eq. (2.29) is the heat diffusion equation in cylindrical coordinates and 

applies to the fuel pellet and clad, however qǋǌ is zero in the clad. The other equation,  

Eq. (2.30), is Newtonôs Law for heat convection and relates the gas gap temperature, Tg, 

to the fuel pellet surface temperature, Ts, and the cladding wall temperature, Tw, to the 

coolant temperature, Tcool. Radiative heat transfer is assumed to be negligible. 
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Figure 8 ï 1-D Conduction/Convection Problem 

For the fuel pellet region Eq. (2.29) is discretized with a finite differencing method 

that is 2
nd

 order accurate. It assumes equally spaced mesh points and calculates the 

temperatures for each mesh boundary. The heat source is the pin averaged power density 

computed by the neutron transport module. The fuel conductivity is determined from an 

appropriate correlation. These correlations are discussed in the following chapter. The 

gap conductance and heat convection coefficient are specified by the user. The solution to 

Eq. (2.29) in its discretized form is shown in Eq. (2.31) for mesh i and the resulting 

system of equations is solved using Gaussian elimination. 



Advanced Simulation of Heterogeneous Light Water Reactor Cores for Transuranic Recycle 

Chapter 2 - Overview of Methods 

 26 

ö
ö
÷

õ
æ
æ
ç

å D
+

D
-=

ö
ö
÷

õ
æ
æ
ç

å
ö
÷
õæ

ç
å -

D
++

D
=

ö
ö
÷

õ
æ
æ
ç

å D
-

D
-=

++=¡¡¡

+

+

-+-+

-

-

++--

i

i

i

ii
i

iii

i

i

i

iiiiii

r

r

r

k
a

kk
r

r
kk

r
a

r

r

r

k
a

TaTaTaq

2
1

2

1

2
1

2

2
1

1

2
1

2
1

2
1

2
12

2

2
1

1

1111

 Eq. (2.31) 

2.3.3 Cross Section Resonance Treatment 

The other physical T/H feedback mechanism of the neutronics problem, in addition 

to the coolant density, is through the temperature dependence of the microscopic cross 

section; namely, Doppler broadening of the resonances. In DeCART the cross section 

resonance treatment is handled using the subgroup method [Stammlôer, 2002; Joo, 

2004b] which accounts for the spatial self-shielding effect as well as the Doppler 

broadening. 

In general the problem to be solved by the subgroup method is to determine the 

average cross section over a lethargy range ȹu. The expression for this average cross 

section is shown below in Eq. (2.32) for the ith flat source region, where T is for the 

temperature of that region 
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The fundamental idea of the subgroup method is to approximate the integrals of Eq. 

(2.32) with a quadrature set. This is also shown by Figure 9 and in Eq. (2.33), where n is 

the index of the subgroup. 
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Figure 9 ï Subgroup Approximation 
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The subgroup weights, wn, and cross sections, ůn, are tabulated in the cross section 

library used by DeCART. The subgroup flux, fn, is the unknown of Eq. (2.33) and is 

constructed from an equivalence cross section, defined by Eq. (2.34), to enforce an 

equivalence of the heterogeneous flux representative of the problem geometry and the 

homogenous flux derived in relation to the background cross section for the homogenous 

slowing down problem. The equivalence cross sections are determined by the 

heterogeneous flux calculated from a fixed source transport calculation performed for 

each subgroup level using the 2-D MOC kernel, but redefining the source as shown in  

Eq. (2.35) and the removal cross section as a function of the subgroup level cross section. 
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where Nr is the number density of the representative resonant isotope and m is the 

subgroup level index. Ɇb, Ɇeq, Ɇp, and ɚ are the macroscopic background cross section, 

equivalent cross section, potential scattering cross section, and intermediate resonance 

parameter respectively. Finally, a special treatment is added to the subgroup to handle the 

non-uniform temperature case. This is required because the ům itself is not tabularized by 

temperature, but in the formulation of the fixed source problem this term should be 

adjusted for the doppler broadening. In other words, the same ům should not be used for 

two regions when a neutron is transported from a region with one temperature to a region 

with a higher or lower temperature. Therefore, the following correction factor Ŭ, is 

defined based on the ratio of the local fuel temperature to the average fuel temperature 

over the entire problem domain. This factor is then multiplied with ům in Eq. (2.34) and 

Eq. (2.35). 
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2.4 Equilibrium Cycle Methodology 

Equilibrium cycle search calculations for LWRs pose a particularly challenging 

problem because the neutron spectrum needed to determine the reaction rates for the 

depletion calculation is dependent on the fuel composition, which changes with time. 

Additionally, in the context of a code like DeCART an equilibrium composition is 

required for tens of thousands of fuel regions. This further complicates the approach for 
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developing a novel equilibrium search algorithm because it now requires one to tackle a 

non-linear time dependent problem for a necessarily large system with a spatial 

dependency. It was then decided that a simpler, albeit more rigorous, iterative approach 

should be used which can be understood as an analog to the power iteration. 

In the approach used here a fixed core design including a shuffling pattern in 

addition to the loading pattern is defined through the input. DeCART then uses some 

guess for the compositions for each unique fuel region in the core and depletes this for 

one cycle to obtain a new set of compositions. The fuel is then shuffled and the cycle 

depletion is repeated using the new compositions. This process is shown in Figure 10 

below for a 1/8
th
 core. 
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Figure 10 ï Concept of Power Iteration Analog for Equilibrium Cycle Search 

The letter indicates the path along which the assembly will be shuffled during its 

life in the core and the number indicates its present cycle of residence in the core (e.g. 1 

is the first cycle in residence and 3 is the third cycle in residence). While the drawback of 

this approach is that it is extremely time consuming and somewhat slow to converge, the 

benefit is that it provides an internally consistent result and is guaranteed to converge. To 

be able to search to equilibrium in this fashion, new features such as the fuel shuffling 

were added and they are discussed in Chapter 3. 
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3 Methods Improvements 

Although DeCART is a fairly mature code, at the outset of this research DeCART 

was incapable of performing the type of core level analyses desired to meet the goals of 

this thesis. Therefore, prior to any analysis, much work was done to improve DeCART. 

This included improving the implementation of certain physics models, adding entirely 

new capabilities, and general improvements to code performance such as optimizing 

memory usage and increasing solver stability. This chapter contains a discussion of the 

experiences related to the practical problems associated with the development and 

application of advanced simulation tools because they are certainly nontrivial. The 

remainder of this chapter describes some of the more notable, albeit sometimes subtle, 

improvements to the DeCART code. 

3.1 Improving Physics Models 

This section covers modifications that pertain to some part of the underlying 

physics involved with the reactor core calculation. The main areas that were changed 

involve depletion, calculation of the fission spectrum, and the thermo-physical properties. 

3.1.1 Depletion Module 

Several changes were made to the depletion module in DeCART, however the 

essential methodology of the point depletion calculation remained unchanged. The 

changes made addressed deficiencies in the implementation of the point depletion 

calculation and the data used by it. 
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3.1.1.1 Depletion Library 

A typical cross section library for a neutron transport calculation consists of 

microscopic cross sections and resonance parameters in a fine group structure. The 

depletion calculation requires additional information about the radioactive decay 

fractions and half-lives, fission yields from different fissionable nuclides, and effective  

1-group cross sections for many more nuclides than are typically required for a transport 

calculation. Therefore, it is often beneficial to have a library separate from the transport 

library to contain this information. Having a separate depletion library also provides 

greater flexibility in the depletion chain model; this is the approach used for DeCART. 

The depletion library previously used by DeCART was essentially the same as one 

of the depletion libraries supplied with ORIGEN-2 [Croff, 1980]; although one notable 

change had been made with the majority of the unstable nuclides, characterized by having 

extremely short half-lives and very small cross sections, being lumped so as to reduce the 

overall computational burden of DeCART. The ORIGEN libraries are subdivided into 

three parts to represent the depletion chains for the actinides, fission products, and lighter 

elements. The DeCART depletion library was updated based on the information in the 

ORIGEN-S library [Gauld, 2006]. The reason for doing so is that the ORIGEN-S library 

is more robust and contains more complete and newer data. The main additions of this 

library included fission yield data for 30 nuclides instead of just 8, more nuclides in each 

chain, and new 3-group cross sections instead of just 1-group cross sections. 

3.1.1.2 Few-group Cross Section Weights 

With the implementation of the 3-group cross section data from ORIGEN-S, the 

point depletion calculation now reflects the local problem dependent energy spectrum 

calculated by DeCART. This is accomplished through the use of region dependent 
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spectral weighting factors, and allows the library to be more accurate for a wider range of 

problems. This improvement addresses the drawback of using a 1-group cross section 

library in which the spectrum used to generate the cross sections is assumed, and 

therefore may not always be valid for representing the problem dependent spectrum. 

The weighting factors for collapsing the 3-group cross sections are based on how 

the cross sections in the library are defined. The ORIGEN-S manual [Gauld, 2006b] 

prescribes the necessary definitions of the weighting factors. In DeCART the 1-group 

cross section needed by the depletion calculation is constructed using Eq. (3.1). Note that 

this only applies to those nuclides present in the depletion calculation that do not have 

data in the multi-group cross section library used for the transport calculation. 
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The weighting factor for the thermal group is calculated based on the average 

thermal neutron energy, thE , compared to the reference energy of the cross section in the 

depletion library E0 as seen in Eq. (3.2). The weighting factors for all other groups are 

based on a ratio of the macro-group flux to the thermal group flux shown by Eq. (3.3). 
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where g is the index over the G fine-groups and m is the index over the M macro-groups 

and gf  are the fine group fluxes and mf
Ĕ are the macro-group fluxes. 

3.1.1.3 Decay Calculation 

The capability to perform a decay calculation has also been implemented into 

DeCART. A decay calculation uses the same methodology for the point depletion 

calculation as described in Section 2.2, but it assumes the flux is zero, so that the only 

mode of transition between nuclides is by radioactive decay. The purpose of adding this 

feature was to be able to simulate time an assembly might spend in the spent fuel pool or 

in the reactor during shutdown. This feature gives DeCART the ability to explicitly 

model the full history of an assembly from fresh to end of life and beyond. 

3.1.1.4 Implementation and Depletion Algorithm 

The overall implementation of the point depletion calculation within DeCART was 

improved to address two things. The first issue was related to how the nuclides were 

being tracked by DeCART which arises from the fact that the transport module and 

depletion module use two sets of nuclides. Previously, only those nuclides being used by 

the transport module were being explicitly tracked in DeCART; meaning that the 

concentrations of the nuclides used by the depletion calculation that are not present in the 

transport calculation were being reset to zero at the beginning of each depletion 

calculation. The new approach explicitly tracks those nuclides of the depletion module, 

since there are more of them. Then the nuclides used by the transport calculation can be 



Advanced Simulation of Heterogeneous Light Water Reactor Cores for Transuranic Recycle 

Chapter 3 - Methods Improvements 

 35 

considered as a subset of those nuclides tracked for depletion. This prevents the problem 

of resetting certain nuclide concentrations to zero at the beginning of each depletion 

calculation. 

The second issue was to adopt a commonly used technique to reduce problem run 

time by performing a depletion sub-step. A depletion sub-step means that the depletion 

calculation will go through multiple time steps without a transport calculation. This 

allows one to save run time by trading the computational burden of the transport 

calculation for that of the depletion calculation, which is often much less. It has been 

shown that this technique allows one to use coarser time steps for the depletion 

calculation without a loss in accuracy [Rhodes, 2006]. This was implemented so that the 

user could define n number of sub-steps per burnup step. The theory behind this method 

is that it is a way to address the fact that the formulation of the governing equation for the 

depletion problem does not include a time dependent flux term. So, for practical purposes 

to have that assumption hold true, small time steps must be used. The sub-step method 

essentially incorporates a time dependence into the flux normalization factor. This is 

shown by Eq. (3.4) for M sub-steps the mth
 flux, representing the flux at time t1+mȹt/M, 

used by the depletion calculation. 
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Eq. (3.4) 

where Pt1 is the total power at t1, 
j

t1j  and 
jif

t

,,

1ks  are the eigenvector for region j and the 

energy per fission multiplied by the microscopic fission cross section of region j and 

nuclide i at t1, respectively, and 
ji

mN ,

1-  is the nuclide concentration of m-1 sub-step. If it 



Advanced Simulation of Heterogeneous Light Water Reactor Cores for Transuranic Recycle 

Chapter 3 - Methods Improvements 

 36 

can be correctly assumed that the flux shape does not change between time steps then 

there is no approximation to this method. It should be noted that it is left to the user to 

judiciously choose the main depletion and sub-step time sizes. The algorithm for the 

depletion calculation including sub-steps is shown in Figure 11. 
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Figure 11 ï Algorithm for Depletion Problem in DeCART 
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3.1.2 Thermophysical Properties of Nuclear Fuel 

The correlations previously used by DeCART for the thermophysical properties of 

fuel were taken from the NEACRP 3-D LWR Core Transient Benchmark  

[Finnemann, 1992].While these correlations may be adequate for typical reactors they are 

only functions of temperature, and do not account for other important variables such as 

burnup or fuel composition. Additionally, since the creation of the NEACRP correlations 

more experiments have been performed to measure fuel conductivity to extend the range 

of temperatures over which data exists. Therefore new correlations were implemented 

based on the recommendations of [Fink, 2000] and [Carbajo, 2001] which are the most 

recent surveys of available data. These correlations also happen to build on those used by 

the fuel performance code FRAPCON-3 [Lanning, 1997]. Most important to the work 

contained here is the fuel conductivity. While heat capacities were also updated for 

DeCART this property does not pertain to the analyses performed since this term only 

appears in transient heat conduction problems. For cladding materials there is no 

evidence to suggest that the correlations currently being used are grossly inaccurate. 

Since the correlation for fuel conductivity is the most relevant to the scope of this 

work and underwent the most significant change it is the only property that is discussed 

here in further detail. The fuel conductivity, shown in Eq. (3.5), is now expressed as a 

product of a correlation for the unirradiated fuel conductivity, k0, which is commonly 

what is measured by experimental methods, and several correction factors: FD, FP, FM, 

FR, accounting for different physical phenomena. 

( ) ( ) ( ) () ()TFRpFMTBFPTBFDWTkk Gd ,,,0=  Eq. (3.5) 
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The unirradiated fuel conductivity uses one of two correlations depending on if the 

fuel is uranium dioxide (UOX) or a mixed oxide (MOX), these correlations are based on 

those given in [Carbajo, 2001] with a slight modification described in [Lanning, 1997] to 

account for any initial gadolinium enrichment. The form of this equation, shown by  

Eq. (3.6), is the same for both fuel UOX and MOX, only the coefficients, A, B, C, D1, and 

D2 change. T is the local temperature in units of Kelvin. 
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The FD and FP are correction factors that account for the effect of dissolved fission 

products and precipitated fission products that build up over time. They are a function of 

temperature and burnup, Bu, given in atom percent; both of these quantities are calculated 

and tracked by DeCART for each cross section region. In general, the fission products 

alter the fuel conductivity by introducing defects into the UOX or MOX crystal lattice 

structure. The FM correction factor is the Maxwell correction factor for the porosity, p, 

for this work the porosity of the fuel was assumed constant at 0.05%. The last correction 

factor accounts for the effect of the neutrons on the crystal lattice while the fuel is under 

irradiation and its effect is only significant at temperatures below 900 K. The equations 

for these correction factors are shown below. 
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Finally, Figure 12 through Figure 15 show the old and new correlations together. 

The new correlations for the unirradiated fuel conductivity do not show much difference 

from the correlation that was being used previously with the exception of the gadolinium 

case. However, once one takes into account the other correction factors that account for 

irradiation and burnup then the new correlations generally predict a lower conductivity 

which will result in higher fuel temperatures than would have been predicted previously. 
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Figure 12 ï Comparison of Unirradiated Fuel 

Conductivity Correlations 

 

Figure 13 ï Comparison of Fuel Conductivity 

Correlations at 0 GWd/MT 

 

Figure 14 ï Comparison of Fuel Conductivity 

Correlations at 15 GWd/MT 

 

Figure 15 ï Comparison of Fuel Conductivity 

Correlations at 30 GWd/MT 

3.1.3 Boron Search 

A fairly simple, yet necessary, functionality that was added to DeCART was to 

allow for a boron concentration search. To accomplish this, one must be able to define a 

target keff for the system, and then allow for iterations on the boron concentration which 

then becomes essentially the eigenvalue of the system. The implementation of this ability 

does not require much modification to the source code. The approach taken is to add one 

final step to the outer iteration algorithm of Figure 2 where the boron reactivity worth is 
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estimated and then the boron concentration is updated and keff is reset to the target value. 

The equation for calculating the boron concentration for the next iteration is shown below. 
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3.1.4 Fission Spectrum Calculation 

Previously DeCART would use a specified fission spectrum provided by its cross 

section library independent of isotope or material temperature. This fission spectrum was 

calculated based on several assumptions not necessarily valid for all applications of the 

code, but certainly for what was assumed to be the primary application of the code at the 

time the library was generated. It is also well known by nuclear engineers or scientists 

that the fission spectrum does vary nontrivially between isotopes, and since the nuclide 

composition and local temperatures vary over a wide range throughout the reactor the 

accuracy of the solution will be increased if the fission spectrum is calculated locally, 

instead of assuming that one fission spectrum will apply to all regions in the core. 

Therefore, DeCART now calculates the fission spectrum for each cross section region 

containing fissionable material in the core by taking the nuclide-wise fission source 

weighted average of the fission spectrum, ɢ. This is shown by Eq. (3.12) where i, j and g 

are the region, nuclide and group index respectively. 
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The definition of the nuclide-wise fission source, ɣ, is shown in Eq. (3.13) in both the 

mathematical and discretized forms. Note that since the cross sections from the library 

are tabularized by temperature they must be interpolated, and this interpolation is done 

linearly. The interpolation used here is determined by how the data in the library is 

tabularized. 

3.1.5 Convergence Stability 

Two issues regarding the ability of DeCART to converge certain types of problems 

were identified during this work and subsequently resolved. The nature of the issues was 

specific to 3D problems and was identified by oscillations of the axial power distribution 

from iteration to iteration during the calculation. The oscillations are best shown by the 

CMFD balance residual versus iteration as in Figure 16. The CMFD balance residual is 

calculated by Eq. (3.20) and represents an l2 norm characterizing the amount of 

imbalance in the neutron balance of the CMFD problem between successive outer 

iterations in DeCART. 
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Figure 16 ï CMFD Error Residual for an Oscillatory problem 

When the solution begins to oscillate this residual essentially stagnates as the flux 

distribution fluctuates between two different solutions. This problem only arose when 

using options to include T/H feedback or calculate the equilibrium xenon concentration, 

and when the axial power shape became ñdouble humpedò. 

To establish convergence of these problems an under-relaxation method was 

applied to the solution vectors of the T/H and equilibrium xenon calculations. To insure a 

consistent solution for the T/H calculation the same relaxation factor must be applied to 

both the coolant density and temperatures for all materials, otherwise the T/H solution 

becomes non-physical. This technique is essentially the same as any successive over-

relaxation method, but with a relaxation factor, ɤ, of less than 1, then the problem is 
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under-relaxed. The following equations show how the relaxation factor was applied to the 

T/H and equilibrium xenon calculations. 
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i TTT ww -+= ++ 111  Eq. (3.14) 

( ) ( ) ( )()i
th

i

th

i rwrwr -+= ++ 111  Eq. (3.15) 

( ) ( ) ( )()i
XeXe

i

XeXe

i

Xe NNN ww -+= ++ 111  Eq. (3.16) 

The under-relaxed solution was verified against a reference solution generated with a 

relaxation factor of 1 (no relaxation). The convergence problem mentioned previously 

could be successfully overcome by using a relaxation factor of 0.5. 

3.2 Fuel Shuffling 

Since the scope of the analyses that were performed involved tracking fuel 

compositions for different assemblies, as those assemblies are relocated in the core 

between cycles, it became necessary to devise and implement a simple user-oriented 

approach to supplying this information to DeCART in order to avoid requiring the user to 

explicitly define the concentrations of hundreds of nuclides for hundreds of thousands of 

regions within the core. 

The approach used is similar to how fuel assemblies are tracked by an actual plant. 

In the input the user supplies a map of assembly IDôs or serial numbers. The user then 

also supplies DeCART with a file that equates to a database containing information about 

each assembly ID. These databases are written by DeCART at the end of each calculation. 

Their contents include the initial heavy metal mass, the estimated exposure of the 

assembly, any post irradiation cooling time the assembly has undergone, and the nuclide 
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concentrations and burnups of each depletable region of the assembly model. This 

capability allows the user to load an assemblyôs fuel composition into any location in the 

core model accounting for the rotation of that assembly, and the possibility that the 

assembly may have a symmetry boundary passing through it. Note that one assembly 

composition can be placed in multiple locations (i.e. to approximate the compositions of 

an entire batch) within the core and that each ID used to read in the compositions can be 

changed when DeCART updates the database at the end of the calculation. This 

functionality is shown graphically by Figure 17. 

 

Figure 17 ï Shuffling Management Technique 

3.3 Reducing Computational Requirements 

In anticipation of pushing the limit of available computational resources a few 

features were added to DeCART to help alleviate the computational burden of 

performing core calculations. This is done in two ways; the first approach was to allow 

one to reduce the total size of the problem modeled, and thus the associated 

computational burden. The other feature looks at reducing problem run time by relying 


